INTRODUCTION
Driving comfort, shifting quality and improved driveability with low manufacturing costs have become strongly aligned with mild hybrid electric powertrains, which allow for a good opportunity for improvement (Kuo, 2011) . We discuss a low-power electric motor mounted on the transmission output shaft coupled to a controlled power source, allowing for increased functionality of the powertrain along with a reduction in the torque hole during gear changes. This configuration allows for improved driving performance (Sun and Hebbale, 2005) . Primary input signals to the motor controller are; clutch position, ICE load (calculated from speed and throttle angle), and selected gear. The electric machine's function is to eliminate or reduce the torque hole during gear changes by providing a tractive force when the clutch is disengaged. In addition to this, it can provide damping for torque oscillation, particularly during gear changes and take-off (anti-jerk). The electric motor may also act as a generator under certain driving situations (Wagner, 2001 ).
This paper seeks to research the dynamics of a front wheel drive mild hybrid electric powertrain. A detailed analysis of the system with numerous degrees of freedom is suggested. The resulting equations of motion are written in an indexed form, making it easily implemented into a vehicle model.
Lumped stiffness-inertia torsional models of the powertrain will be developed for different powertrain states for the purpose of investigating transient vibration. The major powertrain components (engine, flywheel, transmission, and differential) are lumped as inertia elements which are interconnected with torsional stiffness and damping elements to represent a multi-degree of freedom model of the powertrain Zhang, 2005, Crowther et al., 2007) . By modeling the powertrain, possible improvements can be identified when using the electric drive unit. A comparison between the mild hybrid powertrain with a traditional manual transmission driveline is made, with a focused analysis on the lower gears. This is done because in the lower gears the torque transferred to the drive shaft is greater, along with the deflection in the shaft. This means the shaft torsion is higher at lower gear ratios, resulting in larger oscillations. This paper will conclude with the role of integrated powertrain control of both the engine and motor in minimizing torque-hole. Highquality shift control is critical to the reduction of torque-hole and vibration of the powertrain.
SHIFT PROCESS ANALYSIS
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ABSTRACT: Hybrid Electric Vehicles (HEVs) provide many known benefits over conventional vehicles, including reduced emissions, increased fuel economy, and performance. The high cost of HEVs has somewhat limited their widespread adoption, especially in developing countries. Conversely, it is these countries that would benefit most from the environmental benefits of HEV technology. As part of our ongoing project to develop a cost-effective and viable mild HEV for these markets, dynamic simulations are required to ensure that the proposed designs are to achieve their desired targets. In this paper, mathematical models of the powertrain are used to analyze and compare the dynamics of both a conventional power train and one with the addition of components required for the Mild Hybrid system. Using Matlab and Simulink, simulations of both powertrains under particular driving conditions are performed to observe the advantages of the MHEV over conventional drivetrains. These benefits include torque-hole filling between gear changes, increased fuel efficiency and performance.
phases encompass the shift process. The first phase involves the disengagement of the clutch and is characterized by a rapid reduction in torque transmission to zero. The second phase, also known as the gear selection phase, is characterized by a fully disengaged clutch and torque-hole, as well as minor torque oscillation from the synchronization of the selected gear. The final phase is the inertia phase, characterized by a large torque oscillation as the clutch slips during re-engagement. At the attainment of a constant speed ratio, the speed of the powertrain is equal to the speed of the vehicle, and the clutch is fully engaged (Galvagno et al., 2009) . Factors that influence the shift process include the magnitude of transmitted torque before and after the gear change and the speed of clutch disengagement and engagement. Figure 1 represents an example of measured vehicle data for half-shaft torque (with torque fill during shifts) (Baraszu and Cikanek, 2003) . 
POWERTRAIN MODELLING
The model developed uses a simple empirical engine element utilizing a three-dimensional lookup table. This element is inserted into two powertrain models which are both presented. This section shows the mathematical models of each configuration using eight degrees of freedom for the mild HEV powertrain, compared to seven degrees of freedom for a conventional powertrain.
Powertrain equipped with motor
Figure 2 is representative of a basic mild hybrid transmission powertrain. The powertrain requires a single dry-plate clutch interfacing between the engine and transmission. In a conventional manual transmission, the clutch must be released before synchronization to isolate the synchronizer from engine inertia. Figure 2 also shows the remainder of the powertrain. This includes the electric propulsion system (EPS) which is permanently coupled to the transmission output shaft. The EPS can directly drive the wheels in this configuration, which provides a post-transmission parallel type hybrid vehicle powertrain. As the motor is downstream of the transmission, it ultimately has a fixed constant speed ratio to the wheels via the final drive. As the intended profile for use involves short pulses of high power for torque-filling, the peak mechanical power figure is just as significant as the continuous output to consider. Brushless motor drive is widely used for EV and HEV applications (Zeraoulia et al., 2006 , Sharma and Kumar, 2013 , Chang, 1994 . A 10 kW electric machine satisfied most requirements for torque fill in during gear change. It also provided sufficient power for use in improving vehicle efficiencies under high demand or low engine efficiency conditions (Wagner and Wagner, 2005) . The noticeable limitation of this vehicle configuration is that there was no potential to isolate the EM from the wheels, resulting in incidental losses while the motor was freewheeling. Standard synchronizers that are popular in manual transmissions were used to achieve speed synchronization during gear shifting. These synchronizers have low cost and high reliability. Material savings may be found by removal of the synchronizers and replaced by usage of electronic throttle control to accomplish speed synchronization, due to the nature of the mild HEV system proposed. In saying this, these savings presume that speed synchronization may be accomplished with a very high degree of accuracy. The inclusion of synchronizers, however, means that the accuracy of the speed synchronization may be reduced thus improving system response. In addition to this, the savings do not necessarily eventuate into reduced cost due to the current economies of scale. For these reasons, this option is not followed through. The powertrain is essentially a basic post-transmission parallel hybrid configuration. It uses a low-powered fourcylinder engine coupled to a five-speed manual transmission through a robotically actuated clutch. A motor is connected to the transmission output shaft, before the final drive. The literature includes some similar architectures to that proposed (Baraszu and Cikanek, 2002 , Rahman et al., 2000 , Aoki et al., 2000 . Of these, Baraszu (Baraszu and Cikanek, 2002) most closely resembles the architecture that is suggested. However, the architecture outlined in this paper is simpler by the omission of the motor clutch. It is necessary to extend the research to consider the vibration of the powertrain as well as control of clutch and motor, in order to ensure a complete study of system response. The powertrain model is divided into the following subsections; the engine model, motor model, powertrain inertia model, and vehicle resistance torques model. These models are discussed below.
Powertrain lumped model formulation
The powertrain is modeled using torsional lumped parameters to capture the shift characteristics of the system. Inertia elements represent the major components of the powertrain, such as engine, flywheel, clutch drum, clutch plate, synchronizer with final drive gears, shafts, differential, electric motor, wheels and vehicle inertia. These are exposed to various loads, including rolling resistance and air drag. Torsional shaft stiffness is represented by spring elements connecting major components and losses are represented as damping elements. Figure 3 shows the model layout of a motor mounted on a front wheel vehicle. The application of assumptions can help to minimize the complexity of the powertrain. The first step is to lump inertia of idling gears in the transmission, and primary gear and synchronizer inertias. By doing this, it removes erroneous transmission components. An assumption is made that there is no backlash in the gears or engaged synchronizers, eliminating high stiffness elements in the model. Further based on this assumption, there is a reduction in computational demand. Finally, symmetry in the wheels and axle eventuates in the ability to group these inertias together as a single element. Further losses in transmission and differential are modeled with grounded damping elements. Using the procedures defined by Rao (Rao, 2011 ) for torsional multi-body systems in equation (1), the lumped parameter model is then constructed. Free vibration and forced vibration analysis can be conducted using the equation of motion. Idling gears are lumped as additional inertia on gears targeted for shifting. Backlash in gears is overlooked as frequencies excited in lash are generally significantly higher than the main powertrain natural frequencies of 3 to 100 Hz. It is unlikely that there will be an impact on synchronizer engagement (De la Cruz et al., 2010) . The generalized equation of motion is:
Where is the inertia matrix in kg-m 2 , is the damping matrix in Nm-s/rad, is the stiffness matrix in Nm/rad, is the torque vector in Nm, and is the rotational displacement in rad, ̇ is the angular velocity in rad/s and ̈ is the angular acceleration in rad/s 2 . Gear ratios are represented as γ for the transmission reduction pairs, and final drive pairs. Equations of motion for each element are:
If the clutch is engaged, equations (4) and (5) are unified and the inertias of the clutch members combine. Equation (11) is the eventuating equation of motion. With the clutch engaged, the total number of degrees of freedom of the system decreases. If the clutch is disengaged, then the system has eight degrees of freedoms, while if the clutch is engaged, there are only 7 degrees of freedom.
When looking at a mild hybrid powertrain, equation (10) is introduced along with equation (8), which is used instead of equation (7), which is used when analyzing a conventional powertrain.
Free vibration analysis
Vehicle modes, damping ratios, and natural frequencies are used in determining damped free vibration analysis. This requires the representation of the model in state-space form. The externally applied torques are assigned a zero value for free vibration. The equations are then presented in matrix form, as:
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Damped free vibration analysis is performed using the system matrix taken from equation (12). The application of the eigenvalue problem can be used to determine natural frequencies and damping ratio. The system matrix is as represented as: ) where A is the system matrix, and is the identity matrix. The natural frequencies and damping ratios are tabulated in Table 1 . With the clutch open there are two rigid body modes as the two separate power train halves are effectively not coupled. In addition to this, each of the open natural frequencies is associated with the two separate bodies; the higher frequency for the engine and clutch disc with low stiffness and high inertia, and the lower frequency for the transmission and vehicle body. However, with the clutch closed the damping ratios are fundamentally identical and the natural frequencies are reasonably close. This remains constant with the change in effective inertia experienced by the locked drum and transmission inertias coupled via reduction gear pairs. The damped free vibration of the powertrain is accomplished using state-space methods. Matrices for I, C, K are developed and merged into the system matrix and the eigenvalue problem is solved for the damped natural frequencies of the system. The un-damped natural frequency and damping ratio are identified using real and imaginary components.
Free vibration analysis is used in this paper to compare powertrain models with and without a motor. Damped free vibration analysis is applied to both models, with a presentation of natural frequencies and damping ratios for both models. The relationships of natural frequencies to the model are identified using modal shapes. Important characteristics of the powertrain are derived from the damped free vibration results. Damping ratio results demonstrate the lightly damped nature of the powertrain, where no damping ratio exceeds 10% (as represented in Table 2 ). Light damping provides more sources of excitation in the powertrain resulting from nonlinearities, which can contribute to the initiation of high-frequency vibration in the propeller shaft. This eventuates in one rigid body mode of the powertrain and seven natural frequencies with corresponding damping ratios. Solutions to the eigenvalue problem resulted in 7 paired solutions with real and imaginary components. For each of these proposed solutions, the real component of the eigenvalue was negative, which indicates a mathematically stable system. For the purposes of clarity, zeros are omitted from matrices. The natural frequency of the Rigid Body Mode (RBM) included a small imaginary component as a result of the use of grounded damping elements, however this does not have a bearing on the stability of the system. For the open clutch model, two RBM are present, whereas for each of the closed clutch models one RBM is present.
Compared with the original drivetrain, the design system has one more degree of freedom so there is one more state of natural frequency; the highfrequency response is higher than the original drivetrain, yet for lower frequency response, there is negligible difference. Based on this, it can be concluded that inserting an electric motor with additional inertia does not have a significant effect on lowfrequency response.
Single dry clutch model
The preferred model describes the system in a piece-wise manner, with one equation describing the slipping phase and another describing the sticking phase of the clutch. Equation (14) represents the torque through the clutch while slipping. The sticking of the clutch is sustained as long as the torque transmitted through clutch ( ) remains below the maximally transmittable torque , which is given by equation (15) (Serrarens et al., 2004 , Heijden et al., 2007 , BĂŢĂUŞ et al., 2011 ,
( )
where is the dynamic friction coefficient, the rotational speed of the clutch disc and transmission input shaft are presented by , respectively; is active radius of the clutch plates, and is the pressure load on the clutch.
. Furthermore, the term ( ) is non-positive in the case of vehicle (engine) braking and positive in all other cases; is external diameter of clutch friction plate and is inner diameter of clutch friction plate.
Vehicle torque model
The vehicle resistance torque is distinguished from a combination of road grade, rolling resistance of the vehicle, and aerodynamic drag interactions with weight and gradeability factors as follows:
where is vehicle torque, , m, are the speed, mass and frontal area of the vehicle respectively; is the wheel radius, µ is the rolling resistance (friction) coefficient, and ρ are the drag coefficient and air density respectively, is the road grade and g is gravitational acceleration (Borhan et al., 2009 , Hartani et al., 2010 ).
Motor and Engine model
The Simscape environment was used to establish the physical simulation models of the engine and its control. As the engine model only plays a role in providing torque output and speed for a given throttle command, the simple engine model "Generic Engine" in the SimDriveline package is chosen directly, as used in (Zhou et al., 2015 , Mahapatra et al., 2008 . The physical simulation models of the EPS (motor and control) were also established in the MathWorks' Simscape environment. Look-up tables were used to directly find the output torque based on a set of directed throttle commands and motor speed. The look-up table utilized in the model presented is acquired from ADVISOR on the basis of the Unique Mobility 10 kW Brushless motor. Figure 4 shows the SIMULINK implementation of motor (Johri and Filipi, 2010, Lin et al., 2003) . 
SIMULATION
The Simscape simulation was performed using the ODE23t element from the ODE suite with a maximum time step of 10 -1 for the powertrain model, and relative tolerance set to 10 -3 . State flow event functions were used to ascertain lockup conditions and move between powertrain models. The primary focus of results are on the electric drive mode part and an evaluation of the transient response of both drivetrains. For initial data comparison with between models, a single cycle of the Rural Driving cycle (RDC) was used. Its simplicity and utilization of five up-shifts over its duration was the basis of its selection. The speed of the input shaft (i.e. engine speed) differs according to the different gear ratios of initial and target gear and the throttle angle during the gear change. Results show the difference in magnitude of the torque hole between the conventional and torque-fill powertrains. There is a focus on the variation in shaft speed due to different gear ratios and comparison on the transient response. Figure 5 shows the velocity of the vehicle during an acceleration event 0-100km/h. A fixed throttle angle profile results in a reduced acceleration time by approximately 1.5 seconds using the torque-fill drivetrain, with a marked reduction in deceleration at each gear shift. A representation of the output shaft torque of the conventional and mild HEV drivetrain when upshifting sequentially from 2 nd to 5 th gear is seen in Figure  6 . Three discrete torque oscillation responses are in each upshift event. The first torque excitation is caused by disengaging the clutch. When the clutch is decoupled, the engine and flywheel inertia are decoupled from the transmission. This sudden change in inertia results in excitation of torque response. Synchronizing gears causes a second, smaller excitation. As the previous gear is desynchronized and the next gear is locked to the output shaft, there is a variation in layshaft speed due to the energy absorbed by the synchronizer along with windage and bearing losses. When the clutch is re-engaged, the third spike occurs. A torque overshoot can occur due to different rotational speeds between the flywheel and clutch disc (Fredriksson and Egardt, 2000) . The torque excitations on the output shaft are clearly illustrated in Figure 6 . The torque profiles of the original drivetrain and the torque-fill drivetrain are contrasted. When the system is operating in torque fillin mode, it is apparent that the torque hole is reduced, along with a marked reduction in the oscillatory peak by approximately 175 Nm. 
CONCLUSION
This paper has introduced a mild hybrid powertrain for a manual transmission vehicle, integrating an electric machine to provide drivability and comfort by reducing torque holes during gear shifts. The adoption of the motor has required the development of vehicle control strategies for shifting to compensate for lower powertrain system damping than what is present in a conventional powertrain and the resulting transient vibration during and after gearshift. This paper has presented a strategy for up-shifting that employs the increased electric motor functionality to decrease the torque hole. The torque-fill drivetrain can be used equally successfully with automated manual, and traditional manual gearboxes, and the limited motor power and duty cycle limit the size and cost of other system components, such as batteries and converters. Due to the intermittent operation, it is also possible to safely operate the components beyond their rated continuous output and yield greater benefit. 
